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2 Replications allow separating out the interactions from

Model

experimental errors.
2 Model: With r replications

Yijk = b+ o + Bi + vij + €iji

[yw . = Response in the kth replication
with factor A at level j and factor B at level i
yL — mean response
Qo Effect of factor A at level j
0; Effect of Factor B at level i
Vij Effect of interaction between factors A and B
e;jk = Experimental error
Washington University in St. Louis CSE567M
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Model (Cont)

Q The effects are computed so that their sum is zero:

a b
Zj:l aj =0;) ;1 B =0;

a The interactions are computed so that their row as well as
column sums are zero:

D=1V =D V2 = =D i Yo =0

b b b
D im1 Vil = Qi1 Yiz = =2 i1 Yia =0

Q The errors in each experiment add up to zero:
T

Zeijk =0 \V/Z,j

k=1
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Computation of Effects
Yijk = 1+ o + 0 +7vij + €ijik
a Averaging the observations in each cell:

Yij. = o+ o + Bi + vij

a Similarly, )
- H=1Y
Yi.. = W+ By
_ oj =Y — Y.
Yj. = 1+ Q ::> ’ _j )
Bi =¥i. — 1.

Nag

A ¥ B B B B
Yij = Yij. —Yi.. — Y45 T Y.

= Use cell means to compute row and column effects.
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Example 22.1: Code Size

Processors
Workloads W X Y 7
I 7006 12042 29061 9903
6593 11794 27045 9206
7302 13074 30057 10035
J 3207 5123 8960 4153
2883 5632 8064 4257
3523 4608 9677 4065
K 4707 9407 19740 7089
4935 8933 19345 6982
4465 9964 21122 6678
L 5107 5613 22340 5356
5508 5947 23102 5734
4743 5161 21446 4965
W 6807 12243 28560 9803
6392 11995 26846 9306
7208 12974 30559 10233
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Example 22.1: Log Transformation

Workloads

Processors

W

X

Y

Z

|

3.8455
3.8191
3.8634
3.5061

A OQO

3.4598

3.5469
3.6727
3.6933
3.6498
3.7082
3.7410
3.6761
3.8330
3.8056
3.8578

4.0807
4.0717
4.1164
3.7095

[3 B d @ 8 Y4

I.(IJU

3.6635
3.9735
3.9510
3.9984
3.7492
3.7743
3.7127
4.0879
4.0790
4.1131

4.4633
4.4321
4.4779
3.9523

IOYAYAYA

3.90606

3.9857
4.2953
4.2866
4.3247
4.3491
4.3636
4.3313
4.4558
4.4289
4.4851

3.9958
3.9641
4.0015
3.6184

20N

3.6291

3.6091
3.8506
3.8440
3.8246
3. 7288
3.7585
3.6959
3.9914
3.9688
4.0100
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Example 22.1: Computation of Effects

Processors Row Row Row
Workloads W X Y Z Sum Mean  Effect
| 3.8427  4.0896 4.4578 39871 | 16.3772 4.0943 0.1520
J 3.5043  3.7079  3.9482  3.6188 | 14.7792 3.6948 -0.2475
K 3.6720 39743 4.3022 3.8397 | 15.7882 3.9470 0.0047
L 3.7084  3.7454  4.3480 3.7277 | 15.5295 3.8824 -0.0599
M 3.8321 4.0933 4.4566  3.9900 | 16.3720 4.0930 0.1507
Col Sum 18.5594 19.6105 21.5128 19.1635 | 78.8463
Col Mean 3.7119 39221 4.3026 3.8327 3.9423
Col effect  -0.2304 -0.0202 0.3603 -0.1096

0 An average workload on an average processor requires a code
size of 103°4 (8710 instructions).

0 Processor W requires 10923 (=1.69) less code than avg processor.

0 Processor X requires 10992 (=1.05) less than an average
processor and so on.

0 The ratio of code sizes of an average workload on processor W
and X is 1094 (= 1.62).
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Example 22.1: Interactions

Workloads W X Y 7
[ -0.0212  0.0155 0.0032 0.0024
J 0.0399 0.0333 -0.1069 0.0337
K -0.0447 0.0475 -0.0051 0.0023
L 0.0564 -0.1168 0.1054 -0.0450
M -0.0305 0.0205 0.0033 0.0066

2 Check: The row as well column sums of interactions are zero.

2 Interpretation: Workload | on processor W requires 0.02 less
log code size than an average workload on processor W or
equivalently 0.02 less log code size than | on an average

Processor.
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Computation of Errors

O Estimated Response:

Yij = W+ o + Bi + vij = Yij.
Q Error in the kth replication:

Cijk = Yijk — Yij.

0 Example 22.2: Cell mean for (1,1) = 3.8427
Errors in the observations in this cell are:
3.8455-3.8427 = 0.0028
3.8191-3.8427 = -0.0236, and
3.8634-3.8427 = 0.0208
Check: Sum of the three errors Is zero.
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Allocation of Variation

Zijk?/f?jk = abrp? + szjO{? + ary 07 + Tzzj%‘zj +
SSY = S50 + SSA  + SSB + SSAB  +
SST = SSY — SS0 = SSA  + SSB  + SSAB
444 = 93695 — 93251 = 293 + 133 + 0.15

100% 65.96% + 29.9% + 3.48%

2 Interactions explain less than 5% of variation
= may be ignored.

Washington University in St. Louis CSES6/M
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Analysis of VVariance

2 Degrees of freedoms:

SSY = SS0 + SSA + SSB 4+ SSAB + SSE
abr = 1 + (a—1) + b—-1) + (a—1)(b—-1) + ablr—1)

MSA

—— ~ Fla—1 — 1

MSE [CL ? a’b(r )]

MSB

— ~ Fib—-1 —1

MSE [b ) ab(r )]

MSAB
~ Flla—1)(b—1),ab(r —1

VEE (@ = 1)(b— 1), ab(r — 1)
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ANOVA for Two Factors w Replications

Compo-  Sum of % Variation DF  Mean F- F-
nent Squares Square Comp.  Table
Y SSY = Z yfj abr
Y. SSO0 = abr,u2 1
Yy—1... SST = SSY — SSO 100 abr — 1
A MSA

A SSA == bT‘ZOﬂ? 100 gg—T a—1 MSA == %S_I M—%:E F[l—a;a—l,ab(r—l)]
B SSB = ar? 100 %%% b—1 MSB=S5B %%%% Fii—aib—1.ab(r—1)]

_ a2 SSAB (a —1) MSAB = MSA
AB SSAB = r2+2, 100 (5868 b1 _SSAB Mer  F e e_noon,

ab(r—1)]
SSE = SST — (SSA SSE _ SSE
e +SSB + SSAB) 100 (857 ) ab(r —1)  MSE = 55275
Washington University in St. Louis CSE567M ©2011 Raj Jain
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Example 22.4: Code Size Study

Compo- Sum of %Variation DF  Mean F- F-
nent Squares Square  Comp. Table
” 036.95

7 032.51

y—1U.. 4.44 100.00% 59

Processors 2.93 65.96% 3 09765 1340.01  2.23
Workloads 1.33 29.90% 4 0.3320 455.65  2.09
Interactions 0.15 3.48% 12 0.0129 17.70 1.71
Errors 0.03 0.66% 40 0.0007

se=VMSE= +/0.0008= 0.03

2 All three effects are statistically significant at a significance
level of 0.10.
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Confidence Intervals For Effects

Parameter Estimation

Parameter Estimate Variance

p 7. sz /abr

a; Ui 7. sz(a —1)/abr

B; Yj.Y.. s¢(b—1)/abr

Vij ij-Yi.-U.5.+7.. se(a —1)(b—1)/abr
> hj Qg > hj:() > hj g] > h2 2/bT

> hz 62', > hZ:O > hz gz h2 2/@7“

2 2/ {ab(r — 1)}

Degrees of freedom for errors = ab(r-1)

0 Use t values at ab(r-1) degrees of freedom for confidence

Intervals
Washington University in St. Louis CSE567M ©2011 Raj Jain
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Example 22.5: Code Size Study

a From ANOVA table: s,=0.03. The standard deviation of
processor effects:

Sa; = Sey/ L= = 0.03,/ == = 0.0060

Q The error degrees of freedom:
ab(r-1) = 40 = use Normal tables
For 90% confidence, z, 4 = 1.645
90% confidence interval for the effect of processor W is:
oy Fts, =-0.2304 3 1.645 x 0.0060
=-0.2304 = 0.00987
= (-0.2406, -0.2203)
The effect is significant.
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Example 22.5: Conf. Intervals (Cont)

Para- Mean
meter  Effect

Std. Confidence
Dev. Interval

1 3.9423

Processors
W -0.2304
X -0.0202
Y 0.3603
7 -0.1096

Workloads
[ 0.1520
J -0.2475
K 0.0047
L -0.0599
M 0.1507

0.0035  ( 3.9364, 3.9482)

0.0060 ( -0.2406, -0.2203)
0.0060 ( -0.0304, -0.0100)
0.0060  ( 0.3501, 0.3704)
0.0060 ( -0.1198, -0.0995)

0.0070  ( 0.1402, 0.1637)
0.0070 ( -0.2592, -0.2358)
0.0070 (-0.0070, 0.0165)*
0.0070 ( -0.0717, -0.0482)
0.0070  ( 0.1390, 0.1624)

: T = Not significant
d The intervais are very narrow.
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Example 22.5: CI for Interactions

Workloads %Y X Y 4

I (-0.0415, -0.0009)  ( -0.0048, 0.0358)t ( -0.0171, 0.0236)f ( -0.0179, 0.0228)f
J ( 0.0196, 0.0602) ( 0.0130, 0.0536) ( -0.1272, -0.0865) (10.0133, 0.0540)
K (-0.0650, -0.0243) (1 0.0271, 0.0678) ( -0.0254, 0.0152) ( -0.0180, 0.0226)+}
L (10.0361, 0.0768)  ( -0.1371, -0.0964)  ( 0.0850, 0.1257)  ( -0.0654, -0.0247)
M (-0.0508, -0.0101)  ( 0.0002, 0.0408) ( -0.0170, 0.0236) ( -0.0137, 0.0270)}
T = Not significant
Washington University in St. Louis CSE567M ©2011 Raj Jain
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Example 22.5: Visual Tests

Fredicted response Mermal guantile

2 No visible trend.
a Approximately linear = normality is valid.
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Q Replications allow interactions to be estimated
Yijk = b+ 043 + Bi + vij + eijk
2?21%‘:03 Z 10 =0; Z L Vig = 0 Vi
> o1 g =0V Spoy €ije =0 Vi, j
0 SSE has ab(r-1) degrees of freedom

0 Need to conduct F-tests for MSA/MSE, MSB/MSE,
MSAB/MSE
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Exercise 22.1 .

_ I B Al A2 A3
Measured CPU times for three processors B1 3200 5120 8960

Al, A2, and A3, on five workloads B1, 3150 5100 8900
B2, through B_5 are shown in the_ table. 3950 5140 8840
Three replications of each experimentare | 5o 4700 9400 19740
shown. Analyze the data and answer the A740 9300 19790
following: 4660 9500 19690
> Are the processors different from each | B3 3200 4160 7360
other at 90% level of confidence? 3220 4100 7300

3180 4220 7420
B4 5100 5610 22340
5200 5575 22440
5000 5645 22540

» What percent of variation is explained
by the processor-workload
Interaction?

> Which effects in the model are not B5 6800 12240 928560
significant at 90% confidence. 6765 12290 28360
6835 12190 28760
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Homework 22

2 Submit answer to Exercise 22.1. Show all numerical

values.
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