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Analytical vs. Simulation Models

a Simulation models can be used to model complex
scenari0s. Analytical models requires simplification.

a Simulation models are limited by the computing
capacity. Simulating a few thousand sources may not
be practically possible with some packages.
Analytical models may or may not have such
limitations.

a Studying sensitivity to parameters requires rerunning
simulation models many times making the computing
problem even worse. Analytical models provide good
insight into parameter sensitivity.
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n voice flows going to through a bottleneck node

i

Bottleneck node marks the packets using a token bucket

Egress node counts the marked packets and communicates
the percentage of marked packets to the ingress node

Ingress node rejects new flows if the percentage of marked

packets 1s above a “rejection threshold”

Ingress node terminates existing flows 1f the percentage of
marked packets 1s above a “termination threshold”
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5.
0.

Assumptions

On-off times of the sources are 1.1.d. with exponential

distribution

— Sources can be modeled as a 2-state Markov Chain

The rate of source 1s constant when it 1s on
Unlimited buffering in the bottleneck = No Loss

The feedback 1s instantaneous. Propagation delays are not

modeled.
Single link case — single ingress, single egress.
Single marking case

Washington University in St. Louis

Raj Jain |




System Parameters and Variables

n = Number of flows through the bottleneck

k = Number of flows that are on = n-k flows are off

1/ac= Average source on-time

1/3= Average source off-time

p = Fraction of time the source 1s on = a/(a+)

F = Flow rate in bps when the flow is on

L = Token bucket rate in bps

g = probability of a packet being marked

R = Rejection threshold = New flows are rejected if g > R
T = Termination threshold = Existing flows are terminated if q > T
x:(t) = Rate of i1th source at time t (=F 1f on, O 1f off)

Notation: Uppercase letters denote fixed parameters.
Lowercase letters denote variables.
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2-State Markov Chain Source Model

0 it Flow’s rate:

o F If on
Yi=Y 0 ifoff

0 Probability of it flow being on =

a Probability k of n flows being on =




Binomial and Normal Distributions

a For np>5, binomial distribution becomes normal with
mean znp and standard deviation \/ np(l — p)

n n n— L
Zk:x ( A ) pk(l — p) k Binomial
~1—d L AP ®(x) = Normal CDF
(x/np(l—p)>

erf L np erf = Error Function
\V/2np(1—p)

Y
Y

N[ =

1
2
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Probability of Rejection

a If there are k active flows: Total load 1s kF
» kF-L packets are marked, L packets are not marked
» % of marked packets wrt L: q = (kF-L)/L = kF/L -1
» Rejection event happens when % marked > R
> kF/L-1>R or k > L(1+R)/For k >k L, — L(1+R)

a Probability of Rejection Event r

> ki ( L >pk(1 —p)" "

~ 1 1 kr—np
T2 zerf (\/2np(1p))

Q This 1s also the probability of a new flow being rejected if there are
total n flows
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Example Scenario 1

O On Period = Off period = p=0.5
Q Per flowrate F =1

Q Token bucket rate L= 500
= Support 500 active flows (flows that are on)
= Support total 1000 flows (includes both on and off flows)

O Rejection Threshold = 0.01
O Termination Threshold = 0.05

L(1+R 500(1+0.01
kp = 2D — 50004001 _ 505
a Rejection Probability when n = 1050,

1050 1050 _
= 05 ( >o.5k(1 —0.5)1050=k =09

k
O Flow Acceptance probability = 1 — Flow rejection probability = 0.1
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Flow Acceptance Probability

1 . !
‘

L R R Y Rejection threshold = 0.01
~ Token bucket rate = 500
= Flow-on probability = 0.5
) 06 .............................................................................................. . )

Y-S Termination threshold =0.05
<P ; :
g 04 ..........................................................................................................................................................
=
02 ............................................................................................................................................................. 4

0o 800 900 1000 1100 1200 _ 1300
Total Number of Flows

Observation: There 1s a significant flow acceptance probability even
when the number of flows 1s 10% over the threshold.
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Probability of Termination

a If there are k active flows: Total load 1s kF
» kF-L packets are marked, L packets are not marked
» % of marked packets = (kF-L)/L = kF/L-1
» Rejection event happens when % marked > T
> kF/L-1>T ork > L(1+T)/F or k> k; Lo — L(14+T)
Q Probability of termination Event I

> h—kr ( L )pk(l -p)" "

~ 1 1 kT—np
~ 5 — yert (\/2np(1_p)>

a At this event, multiple flows may be terminated.
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Probability of Termination (Cont)

Q The fastest way to bring the system to desired operating range
1s to terminate (k-k,)/p flows
= P(any particular flow being terminated)=(k-k,)/np

O Mean Probability of terminating a particular flow:

n k—k n n—
p:zhm<wﬂ(k)wu—m :

O By Gaussian approximation this probability is:
O xr— kT (CB_/’L)Q
f 27m exp { — } dz.

Where 1 = np,c? = np(1 — p)
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Flow Termination Probability (Cont)

1 — (z — p)?
P = — d
V2mo? /kT exp{ 202 )
kT—,LL [1 1 (k’T—/L)
— — — —erf
M 2 2 V2072
(z — p)?

wV 2mwo? /k:r b { 202 207
/fT — [1 1 (kT — ,LL)
— — — —erf
1 2 2 V2072
_ eXp{_(kT—M)2}
uN/ 2 20
1 _

2
_krmpllo —ert kT — K
f 2 2 207
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Example Scenario 1 (Cont)

a P=0.5, L=500, F=1, R=0.01 T=0.05

__ L(1+T) _ 500(140.05) __
kr = =4+ = : = 525

a Termination Event Probability when n = 1050,

1050 1050 _
= k:525< L >o.5k(1—0.5)1050 g

= 0.5
a Flow termination probability when n = 1050

1050 k— 1050 B
= > h—525 05> ( . ) 0.5%(1 —0.5)10%0—*
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Probability of Terminating Flows

1.00

|
jAcceptance %y Rejection threshold = 0.01
075 . A—— X — Token bucket rate = 500
- | 5 5 Flow-on probability = 0.5
s Termination threshold =0.05
o5 0 e R s | e —— T——— "
O
o
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germinatlton

0 800 900 1000 1100 1200 _ 1300
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a Observation: With 1070 flows, there 1s 5% probability of accepting a
new flow and 5% probability of terminating an existing flow
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Probability of Terminating Flows (Cont)

1.00

) T | |
Accept?nce Rej ection threshold = 0.01
075 . A—— X — Token bucket rate = 500
- | 5 5 Flow-on probability = 0.5
s Termmatlon threshold =0.05
g D 50 e L T D D S
O
o
Thrashmg
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germinatlton

0 "800 900 1000 0 1200 1300
Total Number of Flows

a Observation: With 1070 flows, there 1s 5% probability of accepting a
new flow and 5% probability of terminating an existing flow

— Thrashing
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Ideal Desired Behavior

Acceptance
Probability

A

0.0 -

1.0 | -- .......................................

Termination
Probability

kp/p k+/p Number of Flows n

2 Every flow should be accepted before the rejection
threshold and should be rejected after it.

O No flow should be terminated before the termination

threshold and every extra flow should be terminated after

the termination threshold
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Thrashing Index

3 Ideal: P(Acceptance) x P(Termination) =0V n

a Thrashing happens this product 1s non-zero.

a Thrashing Index = max_{P(Acceptance) X P(Termination)}

—_ -3
1_5)(10

& Rejection threshold = 0.01
. |\ Token bucket rate = 500
I .......................... .......................... | ...... Flow-on probability = 0.5

|+ | Termination threshold =0.05

—

<«—— Thrashing Index

\

o
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. : - v | &M{
800 900 1000 1100
Total Number of Flows
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Sensitivity Analysis

a Sensitivity to:
> Termination threshold T°
> Flow-On probability p
> Token bucket Rate L
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Sensitivity to Termination Threshold

1 g s
~ Rejection Threshold = 0.01
I __________________________ ________ TokenbucketRate=500
~ Flow on probability = 0.5

O O O
I o o)

Probability

—
N

700 800 900 1000 1100 1200 1300

Total Number of Flows

a Conclusion: Keeping the termination threshold much
higher than the rejection threshold helps avoid thrashing
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Sensitivity to Term. Threshold (Cont)

! 10°

—_—
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&)

P(Acceptance) X P(Termination)

}/‘X‘ Rejection threshold = 0.01
Token bucket rate = 500
.......................... __________________________ _____ ........ \ ________ F IOW—On pr()bablhty _ 0.5
Termination threshold = T

T=0.05
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Q Conclusion: T]

threshold 1s set farther from the rejection threshold
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Sensitivity to Term. Threshold (Cont)

0 [ """""""""""""""""""""" g T ;

Rej eéction threshcé)ld =0.01
9. 4 EOG—— ....................................... ......................... TOkenbuCketrate — 500

Log Thrashing Index

-10

0 0.05 01 015 0.2
Termination Threshold

QO Conclusion: Termination threshold of 0.15 reduces
thrashing index to below 10-¢ for this case.
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Sensitivity to Flow-On Probability

0 |
| |
Rejection threshold = 0.01
5 _2 R UPRPRPRPIS ....................................... ........................... TOken buCket rate — 500
= : 5 Flow-on probability = p
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©
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I_ :
(@)} 5
5 I <Y SRS . SRS S p:5 ____________________________
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Termination Threshold

0 Conclusion: If the flows are on more often, the termination
threshold has to be set higher
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SensmVlty to Token Bucket Rate

0 ...................................... i oS ....................................... ....................................... 5
| | Rej ection threshold =0.01
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a Conclusion: For large capacity links, the termination
threshold can be set closer to rejection threshold
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Summary

1. A closed form expression’or’ow rejection probability
and flow termination probability for single marker case

2. The model explains the thrashing behavior when the
system reaches rejection/termination threshold region

3. Thrashing Index = Max {P(Acceptance)xP(Termination)}

4. The termination threshold should be set 10-15% above
rejection threshold to avoid thrashing.

5. The difference can be less 1f the number of flows 1s larger
(large capacity links) or 1f the flow-on probability 1s

smaller (inactive flows).
Washington University in St. Louis Raj Jain
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